Generalization of an idea may lead to very interesting result. Learning how torsion influences on tidal force reveals similarity between tidal equation for geodesic and the Killing equation of second type.
Introduction
Observations in Solar system and outside are very important. They give us an opportunity to see where general relativity is right and to find out its limitation. It is very important to be very careful with such observations.
Paper [5] drew my attention. To explain anomalous acceleration of Pioneer 10 and Pioneer 11 ( [6] ) Antonio Ranada incorporated the old Einstein's view on nature of gravitational field. When Einstein started to study the gravitational field he tried to keep the Minkovsky geometry. As result he had to accept the idea that speed of light should vary in gravitational field. When Grossman introduced Riemann geometry to Einstein, Einstein realized that the initial idea was wrong and Riemann geometry solves his problem better.
Indeed, three values: scale of length and time and speed of light are linked together. The presence of gravitational field changes this relation. We have two choices. We keep a priory given geometry (here, Minkovsky geometry) and we accept that the speed of light changes from point to point. The Riemann geometry gives us another option. Geometry becomes the result of observation and the measurement tool may change from point to point. In this case we can keep the speed of light constant. Geometry becomes a background which depends on physical processes. Physical laws become background independent.
NASA provided very interesting observation of Pioneer 10 and Pioneer 11 and managed complicated calculation of their accelerations. However, one interesting question arises: what kind of acceleration did we measure?
Tidal Acceleration
Pioneer 10 and Pioneer 11 performed free movement in solar system. Therefore they move along their trajectory without acceleration. However, it is well known that two bodies moving along close geodesics have relative acceleration that we call tidal acceleration. Tidal acceleration in general relativity has form
where v l is the speed of body 1 and δx k is the deviation of geodesic of body 2 from geodesic of body 1. We see from this expression that tidal acceleration depends on movement of body 1 and how the trajectory of body 2 deviates from the trajectory of body 1. But this means that even for two bodies that are at the same distance from a central body we can measure different acceleration relative an observer. Equation (2.1) has a few interesting generalizations. Metric affine manifolds [2, 3, 4] are slightly different from the Riemann manifold. We can introduce two different connections. One of them is a connection defined by physics of manifold and another one is the Cartan connection. The following question arises. What kind of different physical phenomena may result in these different connections? In particular, it is interesting what kind of changes the tidal force experiences on such manifolds. Section 3 is dedicated to this problem. At the same time we consider another generalization when any body may perform not geodesic but arbitrary movement.
In this paper I will use generalized connection
like I introduced it in [4] . A is any symmetric tensor.
Tidal Equation
We assume that both observers start their travel from the same point 1 and their speed satisfy to differential equations
where I = 1, 2 is the number of the observer and ds I is infinitesimal arc on geodesic I. Observer I follows the geodesic of connection (2.2) when a I = 0. We assume also that ds 1 = ds 2 = ds. Deviation of trajectories (3.1) δx k is vector connecting observers. The lines are infinitesimally close in the neighborhood of the start point
Derivative of vector δx i has form
It follows from (3.2) that
Finally we are ready to estimate second covariant of vector δx
Theorem 3.1. Tidal acceleration of connection (2.2) has form
Proof. The trajectory of observer 1 satisfies equation
The same time the trajectory of observer 2 satisfies equation
We can rewrite this equation up to order 1
Using (3.6) we get
We substitute (3.3), (3.7), and (3.8) into (3.4)
Terms underscored with symbol 1 are curvature and terms underscored with symbol 2 are covariant derivative of torsion. (3.5) follows from (3.9).
Remarks
Remark 4.1. The body 2 may be remote from body 1. In this case we can use procedure (like in [6] ) based on parallel transfer. For this purpose we transport vector of speed of observer 2 to the start point of observer 1 and then estimate tidal acceleration. This procedure works in case of not strong gravitational field.
Remark 4.2. If in central field observer 1 has orbital speed V φ , observer 2 moves in radial direction and both follow geodesic then tidal acceleration has form
If observer 2 follows geodesic in central field, but observer 1 fixed his position at distance r then
Acceleration follows inverse square law as follows from (3.5). Very interesting fact. 
If we substitute (3.3) into (4.1) we get
In this case (3.5) gets form
In case of initial conditions
2) is estimation of acceleration from [4] .
5 Tidal Acceleration and Lie Derivative 
To see this similarity we need to write equation (3.5) different way. By definition
ds is vector we can easy find second derivative
On the last step we used (5.2) when a k = v k . When v p is tangent vector of trajectory of observer 1 from (3.1) follows
and from (5.3) and (5.4) follows
Theorem 5.1. Speed of deviation of two trajectories (3.1) satisfies equation
(5.6) follows from (5.7) and (5.1).
Conclusion
At a first glance one can tell that the speed of deviation of geodesics is the Killing vector of second type. This is an option, however equation Finally the question arises. Can we use equation (3.5) to measure torsion? We get tidal acceleration from direct measurement. There is a method to measure curvature (see for instance [1] ). However, even if we know the acceleration and curvature we still have differential equation to find torsion. However, this way may give direct answer to the question of whether torsion exists or not.
Deviation from tidal acceleration (2.1) predicted by general relativity may have different reason. However we can find answer by combining different type of measurement.
